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ABSTRACT
Claude Berge introduced the concept of strong stable sets in a graph. A subset S of a graph G = (V, E) isa
strong stable set if [N [v] N S| < 1 for every veV (G). Relaxing this condition Prof.E. Sampath kumar
introduced semi-strong sets in graphs as those sets for which [N (v) N S| < 1 for every v €V
(G).Resolvability is a well-studied concept. Combining these two, resolving semi-strong color partition is
defined and studied in this paper.
Classification: 05C15, 05C70
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l. INTRODUCTION
A subset S of a graph G = (V, E) is called a semi-strong set if [N [v] N S| < 1 for every veV (G).

A subset S = {x; x, x3 .......,x;} of aconnected graph G is called a resolving setif the code

C(u: S)=(d(u, xy), d(u, xL), ...... ,d(u,x,)) is different for different u. A partition of V(G) into subsets where each
subset considered is a resolving semi-strong set. The Minimum cardinality of such a partition denoted by x4 (G) is
found out for some well-known graphs. Further, graphs with x,q (G)=2,xs,q(G)=n are determined.

Il.  RESOLVING SEMI- STRONG COLOR PARTITION

Definition 1.1.Let G be a finite, simple, connected, undirected graph. A partitionII = {V;,V,,...,V, } is called a
resolving semi strong color partition if II is a semi-strong color partition and the k-vector
(VIID=(d(v,v1),d(V,V2),...,d(v,v)) is distinct for different v in V (G). The minimum cardinality of a resolving semi-
strong color partition of G is called semi-strong color class partition dimension of G and is denoted bYXspd(G)- The

trivial partition namely{{vi},{v2} ... {vk}} where V(G)={v1,v2,.vi} is a resolving semi-strong color class partition
of G.

Remark 1.2. (i)xs(G) < xspd(G).
(ii) pd(G) <x;,4(G)

Example 1.3.Let G be the graph given in Fig.1.1:x_(G) = 5.Therefore Xspd(G):5-
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Examplel.4. Let G = P,. LetV (P,) = {us, Uz, ..., Un},n > 3.Let IT={{u1}, {uz, Us, Ug, Uy,...},{ua},{us},{us}, . . .}.
IT is a minimum resolving semi-strong color partition of P, Therefore Xspd(Pn) =3, n > 4. when n = 1, 2, 3then,
Xspd(Pl) = 11 Xspd(PZ) = 2! Xspd(PS) =2
Xspa(G) for some well-known Graphs

Proposition:
1. Tspa(Kn) =N
2. Xspd(Klvn) =n.
3 tpamn (1T men
4. Agpa(Wn) =n
5. Xspd(P) =5 where P is the Petersen graph.

Proof :Let V (P) = {v1, Vo, V3, Vs, V5, W1, W2, W3, W4, Ws}. Consider the Petersen graph given in
Figure 1.2.Here pd(P) = 4, but y (P) = 5. Also xspd(P) =b5.
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Figure 1.2
3 ifn>4
6. xspd(Pn) =42 ifn=2,3
1 ifn =1
7. xspd(Cn) =3 for everyn >3
Proof: Case 1: Let n = 0(mod 4). Let n = 4k.
Let V (Cn) = {{us, Uz, . ., Uak}. Let IT = {{usk—2, Usi-1}, {U1, Uz, Us, Us,Ug, U1o, . . ., Usk-7, Usk-6, Usk—3}, {U3, Us, U,
Ug, . « ., Usks, Usk-4, Uak}}. Then IT is a resolving semi-strong color partition of C,. Therefore Xsp 4Cn) < 3. Suppose

Xspd(cn) = 1. Then n = 1, a contradiction. If xspd(Cn)th,sincexspd(G) = 2 if and only if G =P, orPs. Therefore
Xspd(Cn) =3 when n= 0( mod 4).

Case 2: Letn = 1(mod 4). Letn =4k + 1.

Let V (Cn) = {Ul, uy,. . ., U4k+1}.Let II1= {{u4k+1}, {Ul,Uz,Us,Us, .o Usgk-3, U4k72}, {U3, Us4, U7, Us, . . ., Usk-1, U4k}. Then
it can be easily verified that IT is a resolving semi-strong color partition of C,. Therefore, yspd(Cn) < 3. But
¥spd(Cn) > 3, since yspa(G) = 2 if and only if G = P,or P3 and y54(G) = 1 if and only if G = K.

Therefore , spd(Cn) = 3when n = 1(mod 4).

Case 3: Let n =2(mod 4). Let n =4k + 2.
Let V (Cn) = {Ul, uz, ..., U4k+2}.
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Let IT = {{uak+1, Usk+2}, {U1, Uz, Us, Us,. . ., Usk-3, Us—2}, {U3, Us, U7, Ug, . . ., Usk-1, Usk}. Then it can be easily verified

that IT is a resolving semi-strong color partition of Cy. Therefore, ¥sd(Cn) < 3. But ¥spd(Cn) > 3, since yspa(G) = 2 if
and only if G = P,or Pz and yspa(G) = 1 if and only if G = K.
Therefore ,xspd(Cn) = 3when n = 2(mod 4).

Case 4: Let n =3(mod 4). Let n =4k + 3.
Let V (Chn) = {uy, Uz, . . ., Uskss}

Let IT = {{uak+2}, {U1, Uz, Us, Ug, . . .,Usk-3, Usk—2, Usks1}, {U3, Us, U7, Us, . . ., Usk-1, Uak, Usk+3}. Then it can be easily
verified that IT is a resolving semi-strong color partition of C,. Therefore yspa(Cn) < 3. But ¥spa(Cn) > 3.
Therefore ,yspa (Cn) = 3 when n = 3(mod 4). e

Hence yspa(Cn) = 3 for every n > 3.
Theorem 1.5. y5pa(G) = 2 if and only if G = P,or Pa.

Proof: Let V (G) = {uy, Uy, . . .,uUn}. Let %sp0(G) = 2. Let IT= {V1, V2} be a semi strong color class partition of G.
Then there exist vertices ui€V1, UV, such that u; and u; are adjacent (since G is connected). Suppose u; is adjacent
with vj1 and vj2 in Va. r (vj1 |IT) = (1, 0), r (vj2 [IT) = (1, 0), a contradiction. Therefore, u; iS a unique vertex in V;
that is adjacent to a vertex in V2 and u; is the unique vertex in V, that is adjacent to a vertex in V. Suppose [V1] > 2.
Let ui1 €Vi. Suppose ui1 is not adjacent with any vertex of Vi.Then r(uiI)=(0,1) and r (uiqy II) = (0, 1), a
contradiction. Therefore, uiq is adjacent with at least one vertex of V1 and not adjacent with any vertex of V.. u; is
adjacent with at most one vertex in V1. For if u; is adjacent with u,uz in V1, then r(uI1)=(0,2) and r(uz|IT)=(0,2),a
contradiction. Therefore, u; is adjacent with exactly one vertex in V. Let w be a unique vertex in Vi which is
adjacent with u;. If w is adjacent with another vertex in V1, then V1 is not semi strong. Therefore, w is adjacent with
only ui. Therefore, uiw is a component of V1. Further w is not adjacent with any vertex of V.. For if w is adjacent
with wi€ V5, then r(vj|TT) = r(w1|I1), a contradiction. If V; contains a third vertex x distinct from u; and w. Then x is
adjacent to some vertex of V,, a contradiction, since that vertex w; and v; have the same coordinate. Therefore
[Vi| = 2. If V2| > 2, then proceeding as before|Va| = 2 and G = Ps. But yspd(P2) = 3, a contradiction. Therefore
[V2| < 1.Hence [V2| = 1 we get G = P3. If V1] = 1, then G = P, or Ps. Therefore ysd(G) = 2 if and only if G = P, or
Ps.

Theorem 1.6.Let G be a graph with full degree vertex, say u. Then ysa(G) = n if and only if the subgraph induced
by a vertex of G other than u has no isolates.

Proof: Suppose G has a full degree vertex say u. Let vi, Vo, . . ., Vo1 are the vertices of G adjacent with u. Then no
two vertices vi, vj, i #j belong to the same color class of a resolving semi strong color partition of G.

Casel:Suppose the subgraph induced by vertices of G other than u has an isolate say vi.
Let IT = {{u, v1i}, {v2}, . . ., {va1}}. By a hypothesis, vi is adjacent with u for every i, viis not adjacent with v,
for anyi. Clearly u, v are resolved by any vi, (i > 2). Therefore ,yspd(G) =n — 1.

Case 2: Suppose the subgraph induced by vertices of G other than u has no isolate.
Then IT is not a semi strong color partition of G.Therefore,IT1={{u},{V1},...{Va-1}} is a resolving semi
strong color partition of G and it is minimum. That is yspd(G) =n.

Theorem 1.7.Let G be a connected graph. xspd(G) = n if and only if N (G) =K.

Proof: Let ys5d(G) = n. Let V (G) = {ug, Uz, . . ., Un}. Suppose diam(G) =k >3.Letu=1uy, Uy, ..., Uss =V be a
diametrical path in G. Let IT = {{u, v}, {V2}, ...{Vo 1 }}{{u, v}, {V2}, ..., {Voi}} where Vo, . .., V, are
singletons .u and v are resolved by {u,}. Then IT is are solving semi strong color partition of G. Therefore,
¥spd(G)<n—1, a contradiction. Therefore, diam(G) < 2. Suppose uz and u, are adjacent and u;uz is not the edge of
a triangle. Let IT1={{u1,u2},V2,....Va1} wWhere Vs,...Vy-1.u1and usare resolved by {us} where u; is adjacent with
usand us is not adjacent with us. Then Iy is a resolving semi strong color partition of G, a contradiction.
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Let |V (G)| > 4. If u; and u, are adjacent. Then uju; is an edge of triangle. Therefore, N (G) = K.

Suppose |V (G)| = 3. Then G = Ps or Ks. yspd(P3) = 2 <3. Therefore, G = Ka. Therefore, N (G) =K.

The converse is obvious.

Theorem 1.8.For m> 3, yspd (Ka1,a2,....am ) = a1+ a2+ ...+ am.

Proof: xs(Ka1,a2,...,.am ) = artaz+. . .+am. Further xs(Ka1,a2,....am ) < xspa(Ka1,a2,....am )-
Therefore, xspa(Ka1,a2,....am) = a1+ a2 +... +am

Theorem 1.9.Let G = Kn(ay, az, . . .,am). Then y5d(G) = m +max{a;},1 <i<m.

Proof: Let G = Km(a1, a, .. ., am). Let V (G) = {Ul, Uz, ..., Um, Uy, Us2, .. ,U1al , - - -, Um1, Um2, . . ., Umam }
where V (Km) = {ug, U, . .., Un}. Let TT ={{u},{uz}.....{um},{us1,U21,...,um1}.....}.-Then IT is a resolving semi
strong color partition of G. Therefore, xsd(G) < m + max{aj}, 1 < i < m. Since xs(G)<yspa(G) and
¥s(G)=m+max{ai}, 1<i<m. Therefore, ysa(G) = m +max{ai}, 1 <i<m.
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